The analytical approximate technique developed by Wu et al for conservative oscillators with odd nonlinearity is used to construct approximate frequency-amplitude relations and periodic solutions to the dynamically shifted oscillator. This nonlinear oscillator is described by an equation of motion which includes a linear restoring force and an anti-symmetric, constant force which is a nonlinear force depending only upon the sign of the displacement. By combining Newton's method with the method of harmonic balance, analytical approximations to the oscillation frequency and periodic solutions are constructed for this oscillator and the approximate periods obtained are valid for the complete range of oscillation amplitudes. Excellent agreement of the approximate frequencies and periodic solutions with the exact ones are demonstrated and discussed and the results reveal that this technique is very effective and convenient for solving this class of conservative nonlinear oscillatory systems.
Introduction
Even though the harmonic oscillator plays a major and vital role in the description of many real world processes, most of physical and mechanical oscillatory systems are often governed by nonlinear differential equations [1] [2] [3] . It is very difficult to solve nonlinear problems and, in general, it is often more difficult to get an analytic approximation than a numerical one for a given nonlinear problem. In particular the study of nonlinear oscillators is of great interest to many researchers.
A large variety of approximate methods is commonly used for solving nonlinear oscillatory systems. The most commons and most widely studied methods of all approximation methods for nonlinear differential equations are perturbation methods [1] . Some of other techniques include variational and variational iteration methods [4] [5] [6] [7] [8] [9] [10] [11] [12] , exp-function [13, 14] , homotopy perturbation [15] [16] [17] [18] [19] [20] [21] [22] , equivalent linearization [23, 24] , standard and modified Lindstedt-Poincare [25] [26] [27] [28] [29] , artificial parameter [30, 31] , parameter expanding [32] [33] [34] , harmonic balance methods [1, [35] [36] [37] [38] [39] [40] , etc. Surveys of the literature with numerous references and useful bibliography and a review of these methods can be found in detail in [28] and [41] .
The method of harmonic balance is a wellestablished procedure for determining analytical approximations to the solutions of differential equations, the time domain response of which can be expressed as a Fourier series. In the usual harmonic balance methods, the solution of a nonlinear system is assumed to be of the form of a truncated Fourier series [1] . Being different from the other non-linear analytical methods, such as perturbation techniques, the harmonic balance method does not depend on small parameters, such that it can find wide application in nonlinear problems without linearization or small perturbations and it can be also applied to intrinsically nonlinear oscillators.
To applied the harmonic balance method to the dynamically shifted oscillator [2, 42, 43] , we use the analytical approach developed Wu et al [37] which incorporates salient features of both Newton's method and the harmonic balance method. Wu et al's approach is established by successfully linearizing the governing equation and, subsequently, appropriately imposing the harmonic balance method in order to obtain linear algebraic equations, which can be easily solved. Doing this, the complexity of the harmonic balance method is greatly simplified. We will see that the approximate solutions obtained for the dynamically shifted oscillator using this approach are valid for small as well as large amplitude of oscillation.
Solution procedure
Consider the following single degree-offreedom conservative nonlinear oscillator with displacement χ and mass m, with the Hamiltonian where the potential energy is given by
Parameter .x 0 is the dynamic shift and if X 0 = 0 then Eq. (1) describes a simple harmonic oscillator. However, if JC 0 Φ 0, Eq. (1) describes a nonlinear oscillator called dynamically shifted oscillator [2] The potential energy U(x) is a continuous function of the displacement x, but its first derivative (the restoring force) is not. The restoring force, F(.r) = -kx -kx 0 sgn(x) , is a nonlinear function of χ with a discontinuity in χ = 0, and therefore the second Newton's law for the oscillator includes a discontinuity at the origin dt
where ω 0 -l m and sgn(A-) = *-/ \x for *^0
and sgn(jc) = 0 for * = 0. Parameter s = kx 0 is the stiffness parameter (finite restoring force for zero displacement) [2] . Potential energies and restoring forces relationships for the cases X 0 > 0 and X 0 < 0 are shown in Figures 1 and 2 , respectively. For this nonlinear problem, the exact dimensionless frequency is [2, 42] so, for small A, the frequency is Ku) Q ,Jx 0 /8A [1] , which is only valid for X Q > 0. We can see that in this situation the effect of the nonlinearity is to increase the restoring force (see Fig. 2a ), and hence to increase the oscillation frequency [2] · If X 0 < 0 both the restoring force as the oscillator frequency are decreased from their large-amplitude values [2] . For x 0 < 0 we have that the small value for A is 2|jc 0 | and from Eq. (5) we obtain lim ω ε (Α) = - (3) has a large magnitude and dominates the right-hand side of the equation [2] and therefore Eq. (3) approximates that of an harmonic oscillator for (8) In this limit the oscillator frequency is simply Then, for x a > 0 the dimensionless frequency decreases from infinity to one when the oscillation amplitude A increases from zero to infinity ,whereas for X 0 < 0 the dimensionless frequency increases from 1/2 to one when the The harmonic balance method can now be applied to obtain approximations to the periodic solutions of Eq. (3). Introducing a new independent variabler = ωω ϋ ί, the second order differential equation can be re-written as follows ω (9) where ω is the dimensionless frequency of the nonlinear oscillator. The new independent variable is chosen such that the solution of Eq. (9) is a periodic function of τ of period 2π. Firstly we write Eq. (9) 
First-order approximation
Following the lowest order harmonic balance method, a reasonable and simple initial approximation satisfying the conditions in Eq. 
Therefore, the first analytical approximate frequency is (18)
Second-order approximation
The harmonic balance method is very difficult to construct higher-order analytical approximations because it requires analytical solutions of sets of complicated nonlinear algebraic equations. To improve this method, Wu et al [37] The second approximation to Eq. (19), which must satisfy the initial conditions in Eq. (21), takes de form Δχ, (r) = c, (cos 3r -cos r) (22) where c, is a constant which depends on A and it is to be determined. Substituting Eqs. (12) and (22) The corresponding second approximate periodic solution is given by (29) where τ = o\(A)a) 0 t.
Third-order approximation
To construct the third-order approximation we express the periodic solution and the square of frequency of Eq. (10) as follows x 3 (r) = x,(r) + Ax 2 (r), Ω 3 =Ω 2 +ΔΩ, (30) where Δχ 2 (r) = i/, (cos 3r -cos r) + d 2 (cos 5r -cos τ) (31) where ά λ and d 2 are two constants to be determined.
Firstly we substitute Eq. (30) into Eq. (10) and we linearize the resulting equation with respect to the correction terms ΔΩ 2 and Δχ 2 , and secondly we substitute Eq. (31) into the resulting equation. The resulting expression is then expanding in a trigonometric series and setting the coefficients of COST, cos3r and cos 5r equal to zero, respectively, yield We have taken into account Eqs. (22) and (30) to obtain Eqs. (35)- (41).
Results and discussion
We illustrate the accuracy of the modified approach by comparing the approximate solutions previously obtained with the exact solution.
For this nonlinear problem, the exact frequency is given by Eq. (5) and the periodic solution is [2] T - We can see that the relative errors for the second terms in the series expansion in Eqs. (57)- (59) are 4.3%, 0.78% and 0.40% for the first, the second and the third approximate frequencies, respectively. All these series expansions were carried out using MATHEMATICA.
For large values of A it is possible to do the power series expansions of the exact and approximate angular frequencies, valid for all values of X 0 (for x 0 < 0 it is necessary that A > 2\x 0 ). Doing these expansions, the following equations can be obtained
-IT r r r... 
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These series expansions were carried out using MATHEMATICA. As can be seen, for large values of A the first two terms in the series expansions of the approximate frequencies are the same as the first two terms obtained from the expansion of the exact frequency (Eq. (64)), whereas the third term of the expansion of the exact frequency is 0.231335 compared with 0.202642, 0.236416 and 0.229661 obtained in this study, that is, the relative errors in this term are 12%, 2.2% and 0.72% for the first, the second and the third approximate frequencies, respectively. For x 0 < 0 we have previously seen that it is necessary that A > 2 * 0 and we can obtain the following limits when A tends to 2 ;c 0 It can be observed that Eqs. (18), (28) and (35) provide excellent approximations to the exact frequency. It is also clear that at the third approximation order, the accuracy of the result obtained in this paper is very good and the maximum value of its percentage error for X 0 >0 is less than 0.12% and tends to zero when A tends to infinity.
Comparison of the exact frequency o) e obtained using Eq. (5), with the proposed frequencies o\, u) 2 and u) 3 computed using Eqs. (18), (28) and (55) is shown in Tables 1 and  2 20(π-25) where C and S are given as follows
Taking into account Eqs. (12), (30) and (31) it is possible to write the third order approximate solution as follows 
In Tables 3-8 [37] was used to obtain two approximate frequencies for the dynamically shifted oscillator. We can conclude that the approximate frequencies obtained are valid for the complete range of oscillation amplitude, including the limiting cases of amplitude approaching zero and infinity. Excellent agreement of the approximate frequencies with the exact one was demonstrated and discussed. Some examples have been presented to illustrate excellent accuracy of the approximate analytical solutions. Finally, we can see that this method is very simple in its principle, and is very easy to be applied and it provides very accurate results for the dynamically shifted oscillator.
